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Abstract

The aim of this research paper is to study the properties of Triangular-Rectangular
numbers with the help of recurrence relations and its solution which will lead to minimize the
time complexity and space complexity for such algorithms using Pell’s equation.

Keywords: TR Number, Triangular number, Rectangular number, Pell’s Equation, Pell-
Fermat Equation, Python 3, Recurrence Relation, Chi-Squared Test.

1. Introduction

Definition 1:(Triangular

n(n+l)
2

Numbers) Non negative integers represented by t, =
are called as triangular numbers. e.g. 0,1,3,6, ...

Definition 2:(Rectangular Numbers) Non negative integers
1) are called as rectangular numbers i.e. product
0,2,6,12,...

Definition 3:(Triangular-Rectangular Numbers/TR numbers) Non negative integers
which are simultaneously triangular as well rectangular gare
Numbers, e.g. 0,6,210,7140, ...

represented by t, = n(n+

of two consecutive Natural numbers. e.g-

called Triangular-Rectangular

3 o - i g g e _____-I'____-_'_'—'———-——_
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2. Recurrence Relation of TR number, solution, ratio at infinity & Source Code in Python

3:

Result 1: TR Numbers are generated using recurrence relation

an = 34a,_, —ap2+6,3p=0,a;,=6

and its solution is

1
a, = E((3 +2V2)(17+12v2)" + (3 - 2V2)(17-12v2)" - 5) hence this problem

is NP(Non Polynomial time)

Result 2: At infinity ratio between two TR numbers is (1? + 12@) and we can convert

NP to P(Polynomial time)

Proof:
limp.co =22 = (17 +12V2)  hence a, = [(17 +12V2)a-, +6],3p= 0 which is
again NP.
0i E; (0; — E)?
E;
6 6
209.8233765 210 0.000148552
7139.818177 7140 4.63019E - 06
242555.818 242556 1.36526E — 07
8239769.818 8239770 4.01915E - 09
279909629.8 279909630 1.18313E — 10
9508687656 9508687656 3.48279E — 12
3.23015€£ + 11 3.23015E + 11 1.02485E — 13
1.0973E +13 1.0973E + 13 3.00677E — 15
Total 0.000153323
Table 1: Chi Squared Test

Asx?,, = 0.008151 > 5“*;—:3']1, hence error decreases.

Recurrence Relation 1

import math
def TR1(n):
ifn=0:
return 0
if n==1":
relum 6

return (TR1(n-1)*34-TR1(n-2)+6)

Solution 1

import math
def TR2(n) :
returm

((((3+2*math.sqrt(2))*(17+] 2#math.sqrt(2)* *n)i=((3-

.
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S e
2*math.sqrt(2))*(17-1 2#*math .Sqﬂ(zj}**n]-ﬁ}h’.z—]ﬁ““‘*

=]
Recurrence Relation 2 import math
- def TR3(n) :
ifn=0:
return 0
return math.ceil((17+12#math.sqrt(2))*TR3(n-1)+6) |
Solution 2 import math

v del TR4(n) : *
return math.ceil(((17+12#math.sqri(2))**n+1)*6/(1-

(17+12*math.sqrt(2))))

Table 2 : Source Codes using Python 3

3. Pell’s Diophantine equation and Analysis using Recurrence Relation for Variables

Definition 4: (Pell’s Equation/ Pell-Fermat equation)

Pell's equation is any Diophantine equation of the form where is a given
posilive non-square integer and  integer solutions arc sought for and . In Cartesian
coordinates, the equation has the form of a hyperbola; solutions occur wherever the curve passes
through a point whose x and y coordinates are both integers, such as the trivial solution with

and . Joseph Louis Lagrange proved that, as long as is not a perfect square, Pell's

equation has infinitely many distinct integer solutions.

Result 3: If represents triangular number and represents

rectangular number then Negative Pell's equation for it is,
i.e. are always odd and as s not square it has infinitely many
solutions in

i

!

-3

—e |

Figure 1: Hyperbola for Negative pelp's Equati
1on
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Result 4: All TR numbers are at even term i.e. in t,, = m(m+ 1),m = 2k, keZ*

Proof:
n{nt+1}

As 5

1) For Odd:

By putting n=2k,,+1,k,0€Z"ie. odd number we gel m(m+ 1) = (ky +

1)(2kn + 1)

=m(m+1)

As (Jepo + 1] < (fo,,,a + 1), kpo€Z* we get miseven and k,, , is odd.

I1) For Even:

By putting 1 = 2k, p, iy c€Z™* i.e. cven number we get m(m + 1) = kpe(Zkne +1)

As ey, < (an.e + 1). k,.€Z% we get m is even and k,, . is also even.

X Y N M K. K K
1 1 0 0 0 0
7 5 3 2 1 1
41 29 20 14 10 7
239 169 119 84 59 42
1393 985 696 492 348 246 |
8119 5741 1059 | 2870 2029 | 1435
27321 | 33461 | 23660 | 16730 | 11830 8365
275807 | 195025 | 137903 | 97512 68951 | 48756
1607521 | 1136689 | 803760 | 568344 | 401880 284172
Table 3: All Variables

4. Analysis using Recurrence for
We

calculation and memory space.

can gencrate above variables using formulae and source code in python 3 to minii

X, Y, M, N, K and implementation using Python

nize

Recurrence Relation 1
a, = 63851 —an-2+
dp — 1,4’]; =

import math
def X1(n):
ifn==0:
return |
itn==1:
retum 7
return (X1(n-1)*6-X1(n-2))

Solution 1
.,ff+ l) n
34 2v2) +
(zﬁ (

(7'—"—2—'1) (3-2v2)"

an =

2V2

import math
def X2(n) :
return
((math.sqri(2)+1)/(2*sq (2))*(3+2*math.sqrt(2))* *n)+(
3-2*math.sqri(2))**n*((math.sqrt(2)-1 )(2*sqrt(2))

Recurrence Relation 2

import math
def X3(n) :

e
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a, = [(3+2v2)a,_,], ifn==1":
e return 7 ) 2*X3(n-1))
=7 etum math.ceil(3+2math.sqEV2ZE2D
Tabled: X e
Recurrence Relation | import math
an, = 62,1 — -2, del YI(n):
an=1‘;‘|1=5 I'ﬂ:‘:ﬂ':
return |
ifn==1:
return 3 "
return {XIM —
Solution 1 import math
VZ+1 def Y2(n):
(3 + 2&)“ + returmn -
&k
a, = ; ((math.sqri(2)+1)/(2)*(3+2*math.sqrt(2)) n)+((3-
dp = v - _ 2
VZ-1 n 2*math.sqri(2))**n*((math.sqrt(2)-1 )/(2))
3-2v2 - -
() e-2 :
Recurrence Relation 2 import math
g, = 1(3 e zﬁ)ﬂn_lj ) del X3(n):
A== ifn==0:
0 return |
return math.floor((3+2*math.sqrt(2))*X3(n-1))
Table5:Y
Recurrence Relation | import math
ay =638,y —ap-3+2, defM1(n) :
dg=0,a; =12 ifn==0:
return 0
ifn==1:
retumn 2
retum (X1(n-1)*6-X1(n-2)+2) |
Solution 1 import math
1 ((2 +V2)(3 + 2@" +) def M2(n) :
dn =3 n return
8 L -
(2 @(3 Zﬁ) {2+(“m[h‘$qn[2n"’{3}*(3+2*Inﬂt|1.sqrt{2]}**n}ﬂ{_‘l-
. z*l“alhSqu(z})**]1*({2_[11‘11[1_3{1“{2])f{S] ..
Recurrence Relation 2 import math
ap = I(B o Z\E)an_l + 2] g def M3(n):
ap =0 itn=0
retum ()
Table 6 : M return math, ceil((3 2 math.sqrt(2)*M3(n-1)+2)
Recurrence Relation 1 import math = —
Ay =6apy—ap, +2, def NI(n)
Hn_—'ﬂ,ﬂ! :3 [rn-_—_n:
retum 0
iIf n==1 -
R el
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16

(2-vD)(3-22)"

retum 3
| return (N1(n-1)*6-N1(n-2)+2)
Solution 1 import math
1 ((2+VD)(3+2vV2)" +) | defN2():
dn =77 return

((math.sqrt(2)+1)/(2y*(3+2*math.sqrt(2))**n)+((3-
2*math.sqrt(2))**n*((math.sqri(2)-1)/(2))

Recurrence Relation 2
an=|(3+2V2)ap, +3],
dp = 0

import math
def X3(n) :
ifn==0:
return 0
return math. floor((3+2*math.sqrt(2))*X3(n-1 )+3)

Table7: N

Recurrence Relation 1
ap = 6ap-y — a2 +1,
Elu - U,al = 1

import math
def KMI(n) :
if n==0:
return 0
ifn==I:
return |
return (KM 1(n-1)*6-KM1(n-2)*1)

Solution 1
- i([z +V2)(3+2V2) +)
(2-VD)(E-22)'

import math
del KM2(n) :
relurn
(2+{(math.sqrt(2))/X 16)*(3+2*math.sqrt(2))**n)+((3-
2*math.sqgri(2 ))*Fn#((2-math.sqri(2))/(1 0)

| —
LA G ¢
Recurrence Relation 2

a, = [(3 +2V2)an-1 + 1],

30.:[}

|

import math
def KM3(n) :
ifn==0:
return 0
return math.ceil((3 +2*math.sqrt(2))*KM3(n-1)+2)

Table 8: K,

Recurrence Relation 1
a, = 3%4a,_1 —ap-2t 8,
dp = U,ﬂl =10

import math
def KMEI(n) :
if n==0:
return 0
ifn==1:
return 10
return {KME]{n-l]*M—KMEE(n-ZHS}

Solution 1 import math
an def KME 2(n) :
7 4+ 52 i return
( )(17 +122) + [([7+5*mﬂih.sqn{2})m*{|'Ir'+lZ*malh.sqrt(?.)]**n]ﬂ{?-
= 4‘{_ z S*math.sqrt(2))/4%(17-1 2*math.sqrt(2))**n)-3/4)
7 —5v2 n
(——4—) (17 -12V2) -7

Recurrence Relation 2

import math

' ENGLISH PART - VI11/ Peer Reviewed Refereed and UGC Listed Jonrnal Ne.
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ay = [(1? + 12@%—1 =Y 25]_ def KME3(n) :
a5 =1 if n=0:
return |
return math.ceil((17+12*math.sqrt(2)) *KME3(n-
[)425)
Table9: K, .
Recurrence Relation | import math
ay = 34a,-, —a,_, + 24, def KMOI(n) :
ag=1a, =59 ifn==0:
retum |
if n==
retum 59

return (KMO1(n-1)#34- KMO1(n-2)+24)

Solntion |

ap def KMO2(n) :
1442 - return
( 5 )(1? +12V2)" + | | (((1+math.sqrt(2))/8*(17+ [ 2*math.sqr(2))* *n)+((1 -
= math.sqrt(2))/8*(17-12*math.sqrt(2))**n)-1/4
1 =3 (1?_12m" ! 1rt(2))/8%( qri(2)) )
8 4

unport math

Recurrence Relation 2

a, = [(17 + 12v2)a,_, + 9],
dy =0

import math
det KMO3(n) :
if n==0:
return |
return math.ceil((17+1 2*math.sqrt(2))*KMO3(n-1)+9)

Table 10: K,,,

5. Conclusion

It is clear that TR sequence can be generated using recursive as well as non recursive

algorithm and complexity can be converted from NP to P using recurrence relation which

minimised time as well as space complexity. Similarly we may apply this study to other

recursive algorithms also.
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