arXiv:2007.11034v1 [math.DS] 21 Jul 2020

On Nonlinear Hybrid Fractional Differential Equations with
Atangana-Baleanu-Caputo Derivative

Sagar T. Sutar !
sutar.sagar007@gmail.com

Kishor D. Kucche 2
kdkucche@gmail.com

! Department of Mathematics, Vivekanand College (Autonomous), Kolhapur-416003,
Maharashtra, India.
2 Department of Mathematics, Shivaji University, Kolhapur-416 004, Maharashtra, India.

Abstract

In this paper, we develop the theory of nonlinear hybrid fractional differential equa-
tions involving Atangana-Baleanu—-Caputo (ABC) fractional derivative. We construct
the equivalent fractional integral equation and establish the existence results through
it. Further, we build up the theory of inequalities for ABC—hybrid fractional differential
equations and use it to examine the uniqueness, existence of a maximal and minimal
solution and the comparison results.
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1 Introduction

Lakshmikantham and Vatsala [I], 2] developed the primary theory of fractional differential
inequalities with Reimann-Liouville and Caputo fractional derivative. Authors utilized the
investigated fractional inequalities and the comparison results to study the existence of local,
extremal and global solutions to nonlinear fractional differential equations (FDEs). Dhage
and Lakshmikantham [3] initiated the study of first order hybrid differential equations and
investigated the basic results pertaining to existence and uniqueness of solution. Further,
differential inequalities obtained in connection with hybrid FDEs utilized to examine com-
parison results and qualitative properties of solution. Adopting the similar approach of [3],
Zhao et al. in [4] extended the study of first order hybrid differential equations to hybrid
FDEs involving Riemann-Liouville fractional derivative. Further, different class of Hybrid
FDEs subject to various initial and boundary conditions have also been studied by several
researchers [5], 6] [7), 8, [9].

On the other hand, intending to eliminate the singular kernel in traditional fractional
derivatives, Caputo and Fabrizio [I0] presented a fractional derivative with the exponential
kernel and Atangana-Baleanu [I1] introduced a fractional derivative in the sense of Caputo
with Mittag—Leffler function as its kernel, which notable as ABC—fractional derivative. The
advantage of ABC—fractional derivative is that it is nonlocal and has a non-singular kernel.
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Because of which it has numerous applications in demonstrating different problems that
includes different diseases, such as, dengue fever outbreak [12], tumor-immune surveillance
mechanism [13], the clinical implications of diabetes and tuberculosis coexistence [14], the
free motion of a coupled oscillator [15], smoking models [16] and coronavirus [I7]. For the
fundamental development in the theory nonlinear ABC-FDEs, we refer the reader to the
work of Jarad et al. [18], Baleanu et al.[19], Syam et al.[20], Afshari et al. [2I], Shah et al.
[22] and Ravichandran et al. [23], 24], 25| 26].

Motivated by the works of [3, [4] and in continuation of a past work we have done in
[27], we develop the theory of nonlinear hybrid ABC-FDEs of the form

ABC pa 700(7) =g(r,w(7)), ae. 7
P8 (120 ) = gt e 7€ (1)

w(0) = wy, (1.2)

where,

(i) J=1[0,T], T>0and 0 < a < 1,
(ii) 4BC¢yD2 denotes left ABC- fractional differential operator of order o with lower ter-

minal 0,
(iii) f € C(J x R,R\ {0}), w € C(J) and 4BC(Dh € C(J), where h(t) = f(:_ug()ﬂ)ﬂ' €
J )

(iv) g € C is such that ¢g(0,w(0)) = 0, where

C={h|h:JxR—Ris continious, h(r,-) is measurable and h(-,w) is continious} .

The primary aim of the current study is to determine the equivalent fractional integral
equation to ABC-hybrid FDEs (LI))-(L.2) and explore the existence results. Further, we
build up the theory of inequalities for ABC—hybrid FDEs and use it to examine the existence
of a maximal and minimal solution and the comparison results.

The current paper is coordinated as follows. In section 2, we review essential definitions
and results about ABC-fractional derivative. In section 3, we give equivalent fractional
integral equations and derive existence result through it. In section 4, we acquire fractional
differential inequalities for ABC—hybrid FDEs. Section 5 deals with the existence of maximal
and minimal solutions of ABC-hybrid FDEs. In section 6, we determine comparison results
relating to ABC—hybrid FDEs.

2 Preliminaries

In this section, we recall the basic definitions and the results about ABC-fractional derivative
which will be used later.
Definition 2.1 A function w € AC(J,R) is said to be solution of ABC-hybrid-FDEs (L.1]) -

u

([@T2), if the mapping u — ———
f(,u)

ABC-hybrid-FDEs (LI) -(L2]), where AC(J,R) ={h | h : J — R is absolutely continious }.

is absolutely continuous for each u € R and w satisfies



Definition 2.2 [20] Let p € [1,00) and Q be an open subset of R the Sobolev space HP(2)
is defined as
HP(Q) = {f € L2(Q) : DPf € LX(Q), for all |8] < p} .

Definition 2.3 [I1] Let w € H*(0,T) and o € [0,1], the left Atangana—Baleanu—Caputo

fractional derivative of w of order o is defined by

ABC pay(r) = % /OT E, [_ - (_)éa(’r - a)a] w'(0)do,

where B(a) > 0 is a normalization function satisfying B(0) = B(1) = 1 and E, is one

parameter Mittag-Leffler function [28], 29] defined by

n=oo n

Eo(z) = nZ::O a1 1)

The associated fractional integral is defined by

AB 1%0(T) = 1Bzac;w(7') + B((la) olZw(T)
where
ol26(7) = s [ (7 =) lo)d

is the Riemann—Liouville fractional integral [28,29] of w of order a.
Lemma 2.1 [30] If 0 < a <1, then ABI¢ (4B D2w(1)) = w(r) — w(0).

Lemma 2.2 [20, 23] The equivalent fractional integral equation to the the ABC-FDEs

ABC DY(1) = f(r,w(T)), 7€ J=1[0,T], T >0,

s given by

w(T) =wo +

1_aaf(7-,w(7')) + W /OT(T — ) f(o,w(0))do.

Definition 2.4 [31,[32,33] The generalized Mittag-Leffler function Elﬁ(z) for the complex

numbers «, 3,y with Re(a) > 0 is defined as

k

5 o - (7)1@ z
Eopl2) = ;;) T(ak + B) K

where (7)x is the Pochhammer symbol given by

o=1 Me=7(v+1) - (v+k—-1), k=1,2,--



Note that,
E}l’ﬁ(z) = E, s(z) and E}l’l(z) =E.(2).

Lemma 2.3 [30] Let 0 < a < 1 and B,0,\ € C(Re(8) > 0). Then

_ Bl

ABCODf B-1 Egﬂ (ATY) —

A1 Egg()\ TY).

Lemma 2.4 [27] If m is any differentiable function on J such that 4By Dm € C(J) and

there exists o € (0, T] with m(ry) = 0, m(7) <0, 7 € [0,79), then APCyD¥m(r5) > 0.

Lemma 2.5 [3] Let S be a non-empty, closed convex and bounded subset of Banach algebra

Q and let F1:Q — Q and Fo : S — Q) be two operators such that

(i) Fi is Lipschitzian with Lipschitz constant «,
(ii) F2 is completely continious,
(ill) w=FiwFn = weS forallnes, and
(iv) aM < 1, where M = sup {||Fe(w)]| : w € S},

then the operator FiwFow = w has a solution in S.

3 Existence result

In the following Theorem, we derive an equivalent fractional integral equation to ABC-—

hybrid FDEs (I1)-(L2]).

Theorem 3.1 Let g € C(J x R,R) and assume that, w — is increasing in R a.e.
T, w
for each 7 € J. Then w € AC(J,R) is a solution of ABC-hybrid FDEs (LI)—~(L2) if and

only if w is a solution of fractional integral equation

wo 11—« «

() = () | T + Frga(rln) + st [ (7= ) slosla))do 7 T?’Jl.)

Proof: In the view of Lemma 2.2] if w is a solution of ABC-hybrid FDEs (LLI))-(L.2]), then
w satisfies fractional integral equation

w(T) wo l—a a

= T, w(T - TT—Uo‘_l o,w(o))do, T
Forat] = Tom + B@ 20 )+ Bagr=a J, = sl <€3;>




which gives Eq.([8]). Conversely, let w satisfies Eq.(3I). Then it can be written in the
form of Eq.(3.2)). Operating 457, D2 on both sides of Eq.([3.2)), we obtain

R po (@) _ AR pa | 90 aB o
2 (grmsty) = 0% [y it
wg ABR o
= 0wy PrDHglne)
- f<o,20>Ea [_1 - ozTa] +g(rw(r), TEJ.

This gives,

ABR po <f(:jg()7))> _ f((‘)*j(;o)Ea [_1 i‘aTQ] =g(r,w(7)), T € J.

Using relation between fractional differential operators 487D and 4B DY given in The-
orem 1[11], we obtain

ABC pa (&) =g(r,w(1)), T € J.

f(r,w(7))
Now putting 7 = 0 in Eq.(3.2]) and using the fact g(0,w(0)) = 0, we obtain
w(0) wo

7(0,w(0)) ~ f(0,wo) (3.3)

For each 7 € J, consider the mapping A, : R — R defined by,

hr(n) = L, n € R.

f(r,n)

By assumption h, : R — R is increasing and hence it is injective. Using definition of A,
Eq.(33) can be written as
ho(w(0)) = ho(wo).

Since hy is injective, we have w(0) = wy. This completes the proof of the Theorem. a

To prove existence results for solution of ABC-hybrid FDEs (I.1))-(L2), we need follow-
ing assumptions on f and g.

(H1) The function f € C'(J x R,R\ {0}) is such that,
(i) [f(r,w) = f(7,n)| < Ljw —nl, L >0,

(ii) the mapping w — Y
f(r,w)

(H2) The function g € C is such that, |g(7,w(7)| < h(7),a.e. T € J, h € C(J,RT).

is increasing in R a.e. for each 7 € J.

Theorem 3.2 Suppose the hypotheses (H1)—(H2) hold. Then ABC-hybrid FDEs (LI])-
([T2) has a solution if

+P—a+ TkyMl><L (3.4)

LQfggw 1—a| B(a)



Proof: Let Q = (C(J,R),| -||), where ||w| = sup|w(7)|. Then Q is Banach algebra with
TeJ
multiplication defined by

(wn)T =w(T)n(1), w,n €, 7€ J.

Define,

+[1—a+ TQ}L')

R:A@Lqﬂmm> 7 Blo)

1—L<% +[1-a+ ] %)

where My = sup|f(7,0)|. In the view condition (3.4]), R > 0.
TeJ

Consider the set,
S={we: ||w| <R}.

One can verify that S is closed, convex and bounded subset of Banach algebra 2. Consider
the operators F; : Q@ — Q and F; : S — 2 defined by,

(Fiw)(r) = f(r,w(T)), T € J, (3.6)
= L—a T, w(T > TT—ao‘_l o,w(o))do, T
(Fs)(r) = s + Frego(rlr) + =y |, (7= )" (ot 7 €

(3.7)

The equivalent fraction integral Eq.(3.I]) to the ABC-hybrid FDEs (II)—(T.2]) can be writ-
ten in operator equation form given by

w = Fiwhw, w e Q.
We prove that the operators F7 and F» satisfies conditions of Lemma 2.5l The proof of the
same have been given in following steps.
Step 1) JF; is Lipschitz.
Using Lipschitz condition on f, for any w,n € 2 and 7 € J we obtain,

[(Frw)(r) = (Fn) ()| = [f(r, (7)) = f(7,0(7))] < Llw(r) —n(7)],

This gives,
[Frw = Finl| < Lijw = ]|, w,n € Q.

Step 2) F; is completely continuous.

We show that F» : & — Q is a compact and continuous operator on S into ). First we
show that F is continuous on S. Let {wy} be a sequence in S converging to a point w € S.
Then by the Lebesgue dominated convergence theorem,

nh_{l;o(f2wn)(7) = nh_)n;o 1BZ—039(7'7 wn(T)) + m /OT(T — U)a_lg(O', wn(a))do]
—1_—aim T, wn (T > TT—O'a_l im g(o,w,(o o
= B Jim otr () + g [ = {lim gl (o)} a
11—« «

- TT—O'a_l o,w(o))do
S [, o) (o)



= (Faw)(7),

for all 7 € J. This shows that F» is a continuous operator on S. Using hypothesis (H2),
for any w € § and 7 € J, we have

wo 11—« « T a—1
|[(Faw)(T)] < 0w | T B@ (T, w(7))] B /0 (1= 0)*"" |g(o,w(0))| do

wo l-—a o TT—ao‘_l odo

< Fosw | B MO By [, T e
wo l-a (L ——S

= Fow| T B M Boa a7

This gives,
|(Fow)(7)| < ‘ﬁ + <1_a+ E“a) %, weS, Tel, (3.8)

which shows that F3 is uniformly bounded on J. Next we prove that F»(S) is equicontinious
set in 2. Let any w € S and 0 < 7 < 79 < T. Then we have

Lﬁwﬁ%ﬂﬁﬂﬁﬂS%i%@ﬁhﬂﬁ»—ﬂﬁw@ﬁﬂ

| o= igowionds - [m- a1 gowtonds)  (39)
0

T1

(07

+ B(a)(1 - «)

Since g(7,w) is continuous on compact set J x [—R, R], it is uniformly continuous there
and hence we have

lg(11,w(m1)) — g(12,w(12))| = 0, as |11 — 12| — 0, for each w € S. (3.10)

Next using hypothesis (H2), we have

T2

AnwfﬂW*meﬂwa—L(m—UW*meﬂwa

1

< /OT1 {(1=0)* " = (2 —0)* '} |g(o,w(0))|do + /T2 (2 — 0)* g(o,w(0))|do

T1
T2

< /OT1 {(n - o) — (my — J)O‘_l} |h(o)|do +/ (t9 — ) |h(0)|do

T1

<l ([ (=01 = (=0 ydo s [

<Rl ({4 + (2 = 71)* =75} + (12 — 1))
< 2||h||(12 — 11)% (3.11)

T2

(9 — U)a_1d0>

1

Therefore,

— 0, as |1 — 71| =0, weS.

(3.12)

Aﬁw—nw*mmmwMU—/Wm—aw*mmmwua

T1




Therefore it follows from (3.9), (310) and (B.12]) that
[(Fow) () — (Fow)(m2)| — 0, as |13 — 2| — 0, for each w € S.

This proves F»(S) is equicontinious set in Q. Since F5(S) is uniformly bounded and equicon-
tinious set in €2, by Ascoli-Arzela theorem F is completely continuous.

Step 3) Let any n € S. For w € €, consider the operator equation w = FawFon. Our aim
is to prove that w € S.

Using hypothesis (H1) and condition (B.8]), we have

jw(T)| = [(Frw)(T)][(F2n)(7)]
< |f(mw(m)|[(Fan)(1))]
wo

< Qo) = $r o)+ 10 | s+ 1 - o | )

< {Llw(r)| + M} <'%‘+ [1_a+ o } M) red

1—a] B(a)
This gives,
wo 7o ] IRl
MfL <‘7 + |:1—a+m] 7
lw(T)| < 7(0,w0) Bla) =R, 7€ J

P (T RS

£(0,wo) =l B(a)
Therefore,

lw] < R.

This proves w € S.

Step 4) The constants o and M of Lemma corresponding to the operators /7 and JF»
defined in equations (B:6]) and B7) respectively are

wo

f(07 WO)

oz:LandM:'

TOC
+ [1 —a+ } I

By condition (B4, it follows that

wo

f(ov WO)

aMzL(‘

. TH R NTTR B

From steps 1 to 4, it follows that all the conditions of Lemma are satisfied. Therefore
by applying it, the operator equation

w = FlwFw

has a fixed point in S, which is a solution of ABC-hybrid FDEs (LI)-(L2). This completes
the proof of the Theorem. O



4 ABC-hybrid fractional differential Inequalities

Theorem 4.1 Let f € C(J x R,R\{0}), g € C(J xR, R) and for each T € J the mapping

is increasing a.e. on R. Let v,w € C(J) are such that

and satisfies the ABC-hybrid fractional differential inequalities,

w —

f(r,w)

i) ABC po 71)(7) 7,v(7)), a.e. T
@ a0t |72 < g, aer e

ii) ABC D 710(7) T,w(T)), a.e. T
) 4250z | 20> r (), wer e

where one of above inequality being is strict.
Then v(0) < w(0) implies

(1) <w(r), T €

Proof: Suppose that the conclusion of the theorem does not holds. Since v, w € C(J) there
exits 7y € J such that

v(19) = w(7p) and v(7) < w(7) for all T € [0, 7p).
Then

v(70) _ w(7o)

f(ro,v(r0)) — f(70,w(70))

and using increasing property of the mapping w — ﬁ, we have
v(7) w(7)
Foro) = Firwry” < 0™
_ (1) _w(m) _
Let V(T) = m, W(T) = m, T € J Deﬁne m(T) = V(T) — W(T), T € J

Then m, 4B¢yDm € C(J). Further, 79 € J is such that
m(70) = 0 and m(7) < 0 for all 7 € [0, 79).

Since m satisfies all assumptions of Lemma 24, we get, 4B¢,D%m(ry) > 0.

This gives
ABE DIV (19) = APCODEW (7).

Suppose that the inequality (i) is strict. Then we get

g (10,v(10)) > ABCDV (1) > ABCDYW (10) > g (10, w(10)),
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which is contradiction to v(7p) = w(7). Therefore we must have
v(1) <w(r), for all T € J.

This completes the proof of theorem. O

Theorem 4.2 Assume that the conditions of Theorem [{.1] holds with nonstrict inequalities

(i) and (ii). Suppose that

w n . B(a)
T,w)—g(T,n) <L — Jforall Te J; wneRwithw>n 0< L < ——
o) ot <1 (205 = s ) " " o
(4.1)
Then v(0) < w(0) implies
v(1) < w(r), forallT € J.
Proof: For any fix € > 0, we define
we(T) w(7) o
= + eEo (7)), T € J. 4.2
Frudm) ~ Faru) F e -
This gives, for 7 =0
wl®) __wO)  w(o)
f(0,we(0))  f(0,w(0)) f(0,w(0))
Again, using the Lipschitz condition on g and Eq.(4.2]), we have
(T we(r)) — g(myw(r)) < L < welr) ___wlr) > = LeEy(7%), T € J
T ’ — \f(rwe(r)  f(r,w(7)) o '
Using condition on L, from above inequality we obtain,
o B(a) a
9(r,w(7)) 2 g(7, we(7)) = LeBa(r%) > g(7,we(7)) = T €Ba(r®), 7 € J (4.3)
In the proof of Theorem 3.6 [27] it is produced that,
ABC DY (B (74)) > 1B£ac)¥Ea(Ta),T € J (4.4)

ABCODa ( )

using the 1nequa(ht1e§ )() ), @.3) and ([@.4]), for any 7 € J we have

ABC _pa we(T) _ ABC pa w(7) E. (7%
2 () = % [y )

= 4802 (1)) e A DR ()

ABC o ABC awéi(')
oDSE, € C(J), we have DTf(',wE(-)) € C(J). Thus

Since
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> g(r,w(r) + e R ()
> glrwe(r)) — f”fac)y Fo(7°) + € fﬁaiEa(Ta)

Therefore,

ABC pya we(T) w.(r)) . T
0% (i) > 9w e

Since v(0) < w(0), by application of Theorem 1] with w(7) = we(7), for each € > 0 we
have
(1) < we(r), T E J.

Taking limit as € — 0, in the above inequality and utilizing equ. ([£2]) we obtain

(1) <w(r), T € J

5 Existence of Maximal and Minimal solutions

In this section, we shall prove the existence of maximal and minimal solutions for the
ABC-hybrid FDEs (I.1))-([L2]) on J.

Definition 5.1 A solution r of the ABC-hybrid FDEs (L.I))-(L2)) is said to be maximal if
for any other solution w to the ABC-hybrid FDEs (LI)-(L2) one has w(r) < w(r) for all
T € J. Again, a solution p of the ABC-hybrid FDEs (LI)-([L2]) is said to be minimal if
(1) < w(T) for all T € J, where w is any solution of the ABC—hybrid FDEs (L1)-(T2) on
J.

We give the proof only for the existence of maximal solution of the ABC-hybrid FDEs

(LI)-(T2)), as the proof of existence of minimal solution one can complete on similar lines.
Given an arbitrary small real number e > 0, consider the following ABC—hybrid FDEs

ABC po 7(’0(7—) =g(T,w(r €, a.e. T
oDS |:f(T,w(T)):| =g(r,w(7)) + € ae 7€ J, (5.1)
w(0) = wp + ¢, (5.2)

where g € C is such that g(0,wp +€) = 0.

Theorem 5.1 Assume that the hypotheses (H1)-(H2) and the condition ([B4l)holds. Then
for every small € > 0, the ABC-hybrid FDEs (5.1))-(5.2]) possesses a solution on J.
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Proof: By hypothesis,

B T 1 [l
+|1—a+ — | <1

. (‘ f(gj(zuo) 1—a| B(a)

Then we can find €y > 0 such that

wo + €
)7 e
(‘ f(ov wo + 6)
Following simillar steps as in the proof of Theorem B2l one can complete the remaining
part of the proof. O

TOC
+[1—a+ }”huﬂ

B(a) ><1, for 0 < € < €.

1l—a

Theorem 5.2 Assume that the hypotheses (H1)-(H2) and the condition ([B4l)holds. Then
for each small € > 0, the ABC-hybrid FDEs (1)) -(L.2]) possesses a maximal solution on J.

Proof: Let {€,},~, be a decreasing sequence of positive numbers converging to 0 where ¢

is such that,
T 1 ||h]| + €0
1-— 1.
+ [ o+ = oj Bla) <

<‘ wo + €o
f(0,w0 + €o)
Using €, < €y, n € NU {0}, it is easy to verify that
I (‘ wo + €n
f(O,w() + en)

Due to above condition, by Theorem [5.1] for each n € N U {0}, ABC-hybrid FDEs

[ T :|Hh”+€n
+|1-a+

Bla) ><1, for alln € NU{0}.

11—«

ABC pa 701(7-) =g(m,w(r €n, &.€. T
0P8 | ol | = gtraor) + e e 7 € (53)
w(0) = wo + €n, (5.4)

has a solution, say w(7, €,), hence we get

[T w(7,€n))
w(0,€,) = wo + €, (5.6)

ABC po [ w(r, en) } — g(rw(ren)) +en > g(mw(men)) ae. T € J,  (5.5)

The equivalent integral equation of above ABC—hybrid FDEs is

wo 11—«
W(Tv ETL) = f(va(Tv ETL)) |:f(0,CU(] T En) + B(Oé) g(va(Tv ETL))
> TT—O'a_l o,w(o, e €,)do .
i [, - s e teds| (67

Let u be any solution of ABC-hybrid FDEs (LI)-(L2]), hence we get

ABC pa [f(iﬂ} = g(r,u(r)), a.e. 7 € J, (5.8)
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u(0) = wy, (5.9)

Noting that, w(0,€,) < u(0) for all n € NU {0}. Therefore using comparison Theorem [F1]

we have
u(r) <w(r,en), 7 € J, ne NU{0}. (5.10)

Let w(T,€m), w(T,€,) be the solutions of ABC-hybrid FDEs (53)-(5.4]) corresponding to
the mt", nt" term of the sequence {en}nrg, with m > n. Therefore we have,
w(0,€m) =wo + €m < wo + €, = w(0,€,)

ABC o w(7, €n) — ol wlr. € ¢
02 s i) e e

ABC 1o w(T, €m) ol e ¢
02 s oy | < st 4o

Applying Lemma F.1] to the above set of inequalities, we get
W(T, €m) < w(T, €n).

This verifies that w(7,€,,) decreasing sequence bounded bellow by any solution of ABC-
hybrid FDEs (LI)—-(T2). Therefore w(r) = li_>m w(T,€y) exists on J. We show that this

converges is unoform on J. Therefore, it is enough to prove that the sequence {w(r,€,)} is
equicontinuous in C(J, R). Let 7,75 € J with 73 < 75 be arbitrary. Then,

i Lol e ) (sl cn)) = F (il

(71, €n) — (72, €0)| < <|f(0,wo—|-€n)| B(a)

+ 1Bza(;|f(7'1,W(T1, €n))9(m1,w(T1, €r)) — f(12,w(T2, €4))g(T2,w(T2, €1))]
o 1 o
+ m ‘f(Tl,W(Tl,En))/O (11— o) {g(o,w(o,€n)) + €,} do

—f(72,w(T2,€)) /072 (9 — ) Hyglo,w(o,e,)) + €.} do| . (5.11)

Since f, g are continuous on compact set J x [—R, R|, they are uniformly continuous there.
Hence, for each n € N,

|f(T1,w(T1,6n)) — f(T2,w(T2,€,))| = 0, as |71 — 12| = 0 (5.12)
|f(m1,w(T1,€0))9(T1,w(T1,€0)) — f(T2,w0(T2, €0))9(T2,w(T2,€0))| = 0, as |11 — 72| =0
(5.13)

Let F = sup f(r,w) . We find
(T.w)eJx[—R,R]

'f(ﬁ,W(ﬁ, o) | " (r = )P {g(o,w0(0nen)) + €0} do

~Frno(ras ) /0 2= 0)* {g(o,w(o,en)) + en} do
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- ' (fm,w(n, o) [ =01 {glowloen)) + en} o
~fnstmie)) [0 =0 gluo ) +e) da)
+| (s wtmien) [ = o1 talostonen) +en o

— (T2, w(T2, €1)) /Orz (12 — o) {g(o,w(o, en)) + €0} da>
<F {/071 (71— o)™ = (ry — 0)°" Y g(0, (0, €0)) + enldo
+/ 2(Tz - U)a—l‘g(a,w(()', €n)) + enydg}

+ [ f (11, 0(715€0)) — f(T2,w0(T2, €0))] /:(72 — o) {lg(o,w(o,€en)) + €nl} do
< 2F([[h]l + €)(r2 — 1) + 5" (|2]] + )1 f (11, w(T1, €0)) — f (T2, w(T2, €,))]
This shows that,

£ (ry (1, ) /0 "= 0)* {g(onw(0,en)) + e} do

~frnwlren) [ (-0 {glow(oe) + e} do| > Diaslr — 1] =0,
' (5.14)
Using inequalities (5.12)), (5.13]) and (5.14]), we conclude from (G.IT]) that
lw(T1,€n) — w(T2, €,)] = 0,,as |0 — 11| = 0,
This shows that {w(7,€,)} converges uniformly to w(7) as n — oco. Hence taking limit as
n — oo of equation Equ.(5.7), we get
wlr) = Fr() | T + e reln) + i /0 (7~ )" g(o,(0))do |

Thus w(7) is a solution of ABC-hybrid FDEs (LI)-(L.2]). Taking limit as n — oo of
inequality (5.10), we get u(7) < w(7), 7 € J. Hence ABC-hybrid FDEs (I.I)-(L2]) has a
maximal solution. O

6 Comparison Results

Theorem 6.1 Suppose the hypotheses (H1)-(H2) and condition [B4) hold. Also assume
that the function g satisfies the condition ([@Il). If there exists a function v € AC(J,R)
such that

ABC pa [ﬂ} < g(r,u(r)), a.e. T € J, (6.1)
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u(O) < wo, (6’2)
Then
u(r) <w(r), T € J,
where 1 is mazimal solution of the ABC-hybrid FDEs (1)) -(L2]).

Proof: Let € > 0 be arbitrary small. Then by Theorem 5.2l w(7,€) is a solution of the
ABC-hybrid FDEs (G.I)-(5.2]). Therefore

ABC po 70)(7-’6) = g(r,w(T, € €, a.e. T
2 | ] —gtratra) e ac.re

w(0,6) =wp + €

This gives,
ABC > [%} > g(T,w(T,€)), a.e. T € J, (6.3)
w(0,€) > wp (6.4)

Therefore u is lower solution and w(,€) is upper solution of

40pz |2 gt

Further,
u(0) <wp < wp + € =w(0,€).

By applying Theorem [4.1] we obtain
u(r) < w(r,e), for all T € J,
In limiting case as € — 0, we get
u(r) <w(r), T € J
O

The proof of the following Theorem can be given in similar way as in the case of Theorem
0.1]

Theorem 6.2 Suppose the hypotheses (H1)-(H2) and condition ([B4) hold. Also assume
that the function g satisfies the condition ([@I)). If there exists a function v € AC(J,R)
such that

ABC pa [ﬂ} > g(r,v(7)), a.e. T € J, (6.5)
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U(O) > wo, (6’6)
Then
p(r) <wu(7), 7€ J.
where p is minimal solution of the ABC-hybrid FDEs (LT -(L2]).

Using Theorem [6.1] we can prove the uniqueness result for ABC-hybrid FDEs (LI])—
([L2). The detail of which is given in the following Theorem.

Theorem 6.3 Suppose the hypotheses (H1)-(H2) and condition ([B4) hold. Also assume

that there exists a function G : J x RT™ — R* satisfying

w ___1 '),forallTEJ;w,nE]R.

frw)  f(rm)
If identically zero function is the only solution of the ABC-hybrid FDFEs

9(r) gl <
ABC D7) = G(r,m(7)), ae.T € J, 0 < a <1, (6.7)

Then the ABC-hybrid FDEs (ILI)—(L2) has a unique solution on J.

Proof: As the required assumptions (H1)-(H2) and the condition (3:4]) hold, the ABC-
hybrid FDEs (LI)-(L2) has a solution on J. Suppose there exists two solutions w,n for
ABC-hybrid FDEs (I1)-(L2).

Define
% _m -
nin) = |7y~ o) e
We find by using linearity
ABC mya w 1 _ ABC pa w(7) ]_ABC a|: n(r) }
2 (7 7o) = P )

= g(r,w(7)) = g(7, (7)) < lg(T,w(7)) — g(7,n(7))|

<@ <T, e

-

Again by using the fact that |f|" < |f’|, we find

Frw)  Fr)
ACepm(r) = T [ Ba |- 2otr o)

' =G(r,m(r)), T€J. (6.9)
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= ‘ffac)v [ e (7 - f<:,n>>,d"

ABC 1 w n
_ ABC| po - 6.10
’ (f(T,W) f(ﬂﬁ)) (010
Combining inequalities (6.9) and (6.I0]), we obtain

ABC DA (1) < G(r,m(7)), T € J. (6.11)
Using definition of m(7), we find

m(O) _ ‘ w(O) _ 77(0) ‘ _ ‘ wWo o wo
F0,w(0)y  f(0,9(0) [ 1f(0,w0)  f(0,c0)

From equations (6.11) and (6.12]), using assumption, we get m(7) = 0, 7 € J. From which
we can easily show that

=0 (6.12)

v ___1 T€eEJ

flrw)  f(mm)

Hence w = 7. This proves the uniqueness of solution. O

Conclusion

Fractional integral inequalities and comparison results acquired in the present paper can
utilized to analyze the various qualitative and quantitative properties of solutions for a
different class of ABC—hybrid FDEs subject to enhanced initial and boundary conditions.
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