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Introduction to Ordinary
Differential Equations (ODE)

» Recall basic definitions of ODE,
» order
» linearity
» initial conditions

» solution
» Classify ODE based on( order, linearity, conditions)

» Classify the solution methods
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Differential Equations

Differential
Equations
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Ordinary Differential Equations

Ordinary Differential Equations (ODE) involve o
more ordinary derivatives of unknown functions wi
respect to one independent variable

Examples:
ay

Yoy-e 00 ko unction
dx /
2

cy ﬂ+2y:cos(x)

dx

dx?




Order of a differential equatio

The order of an ordinary differential equations is t
of the highest order derivative

Examples:
dy |
— —y=¢ First order OD
dx

2
d Z/ dy +2Y = C0s(X) Second order O
dx dx

3
[ d_zy ] _d_y+2y4 -1 Second order O



Solution of a differential equa

A solution to a differential equation is a function th
satisfies the equation.

Example:

dX(t) + X(t) OSqutlon x(t)- e
dt

dx(t) _
dt
x(t)
dt

+X(t)=—€"'+e"=0




Linear ODE

An ODE is linear if the unknown function and its d
appear to power one. No product of the unknown f
and/or its derivatives

a,(X)y" (X) +a, 1 (X)y"" (X) +---+a () y' (x) + 8 (X) y(X

Examples:

dy y=¢e" Linear ODE
dx
d’y . dy

+2X°y = cos(X) Linear ODE
dx’ dx

(‘3)(3')‘ Y Jy=1 Non-linear ODE




Boundary-Value and Initial value

Initial-Value Problems

The auxiliary conditions are
at one point of the
independent variable

y'+2y'+y=e~’

y.ly, 2.5

Boundary-Value Pro

» The aux1l1éf= t‘bﬁdltlo S
at one pom of the ind P
variable

» More difficult to solve tha
initial value problem




Classification of ODE

ODE can be classified in different ways
» Order
» First order ODE
» Second order ODE
» Nth order ODE
» Linearity
» Linear ODE
» Nonlinear ODE
» Auxiliary conditions
» Initial value problems
» Boundary value problems




Solutions

» Analytical Solutions to ODE are available for linear ODE
and special classes of nonlinear differential equations.

» Numerical method are used to obtain a graph or a table
of the unknown function

» We focus on solving first order linear ODE and second
order linear ODE and Euler equation




First Order Linear Differential
Equations

» Def: A first order differential equa
is said to be linear if it can be writ

y' + p(x)y = g(x)




First Order Linear Differential
Equations

» How to solve first-order linear ODE ?

Sol:

Multiplying both sides by zz(X)

y'+p(x)y=9(x) @)

, called an integra

factor, ‘X% +u(X)p(x)y =pu(x)9(x) (2)

assuming £(X) p(x) = 1'(x), (3)

u(X)%+u'(X)y=u(X)g(X) (4

we get




First Order Linear Differential
Equations

By product rule, (4) becomes

(1(x)y(x))'= u(x)g(x) ()

= u(x)y(x) = [ u(x)g()dx+c,

J u(9g(x)dx +c,
#(X)

Now, we need to solveys(X)  from (3)

H (X)

#(X)

(6)

= y(X) =

#(X) p(x) = p'(x) = = p(x)




First Order Linear Differential
Equations

# (X)
#(X)
= In u(X) = j p(x)dx+c,

— ,LI(X) _ ejp(x)dx+c2 _ C3ejp(x)dx (7)
to get rid of one constant, we can use
pu(x) ="M (8)

The solution to a linear first order differential equation is th

X)g(x)dx+c
jﬂ( ) Igpfx)()jx X + ©)
e

= p(x) = (Inx(x))'= p(x)

y(X) =




Summary of the Solution Pro

Put the differential equation in the form (1)
Find the integrating factor, usm
Multiply both sides of (1) by and w, 1)(2 the left side of (1)

Integrate both S]diél ( ) y (X))

Solve for the solut

vV v v v Vv

y(X)




Example 1 — o

Sol:

y'-y=e

y()=e”! p(x)dx[ | e P (x)dlx + c}
¢! (_mx[ j ol D20y c}

— g Je‘xezxdx + c]

=e’|e" + c]
=ce* +e*




Example %xy'+2y =x* =X, y() =%

Sol: = y'+gy =x-1
X
— y(X) = o) p(x)dx[ I ol PO (x)dx + c}

— e_jidx{je édx(x—l)dx+ c} = x‘Zsz(x—l)dx+

—xz[ Xt — =X Jrc}—lxz—lwrcx2
T l4" 3 47 3

Apply the initial condition to get c,
1 11 7

- _= C=—

2 4 3 12




Second Order Linear Differential

» Homogeneous Second Order Linear Differential Equations

o real roots, complex roots and repeated roots

» Non-homogeneous Second Order Linear Differential Equations

o Undetermined Coefficients Method

» Euler Equations




Second Order Linear Differential

The general equation can be expressed in the fo
ay''+by'+cy = g(x)

where a, b and c are constant coefficients

Let the dependent variable y be replaced by the su

the two new variables: y =u +v
Therefore

Jau"'+bu'+cu ]+ [av''+bv'+cv] = g(x)

If v is a particular solution of the original differential
equation
purpose
The general solution of the linear differential equation will
sum of a “complementary function” and a “particular solu

lau"'+bu'+cu]=0




The Complementary Function (solution of
homogeneous equation)

— ay''+by'+cy =0
Let the solution assumed to be: y = e
d d?
_y — re™ —Z =r-e
dx dx
. e™ar*+br+c)=0

characteristic equation

{ Real, distinct roots
Double roots
Complex roots




Real, Distinct Roots to Characteristic Equa

 Let the roots of the characteristic equation be
distinct and of values r, and r,. Therefore, the s
of the characteristic equation are:

y = erlx y = er2x
« The general solution will be
y=ce" +c,e?

« Example

y'=oy+6y=0 ——  r>_5r+6=0

=2
! ™) y=ce” +c,e™
r,=3



Equal Roots to Characteristic Equation

* Let the roots of the characteristic equation equ
value r, = r, = r. Therefore, thre solution of the cha
equation is: y==¢

Let y :Verx — y|: eI’XV |+rverx and yn: erXV||+2rerXV|
where Vis a
function of x \ l /
ay''+by'+cy =0

ar’+br+c=0 l 2ar+b =0

V() =0 V =cx+d

y=he” +(cx+d)e™ =ce™ +c,

Fin500J Topic 6 Fall 2010 Olin Business School




Complex Roots to Characteristic Equat

Let the roots of the characteristic equation be compl
form r,, =A% pi. Therefore, the solution of the charact

equation is: y, = e % = e (cos(ux) +isin(ux)),
y, = e = ™ (cos(ux) —isin(ux)).

U0 = (¥ + ¥2) =& 0s(400, V(X) = 2= (3, — ¥z) = sin(

It is easy tosee that u and v are two solutions to the differenti
eguation. Therefore, the geneal solution to the d.e.is :

al

y(X)=c,e” cos(ux)+c,e” sin( ux).




Examples

(I) Solve y"'+6y'+9y =0 (Il) Solve y"_4y'45y
l characteristic equation l characteri
r’+6r+9=0 r*—4r+5=0
h=f=-3 r,=2%i

y = (c, +¢,X)e”™> y =e”(c, cosx+c, sin x)




Non-homogeneous Differential Equations
Undetermined Coefficients)

ay''+by'+cy = g(x)

When g(x) is constant, say k, a particular solution of

y=k/cC

When g(x) is a polynomial of the forn®, +a,x +a,x* +...+a,X
where all the coefficients are constants. The form of a particul
solution is

_ 2 n




Example

solve y''-4y'+4y = 4x +8X> , complemen

y'-4y'+4y

o y'= g+ 2rx+3sx
Y = P+0X+Irx* +SX

y'=2r+6sx

r’—4r+4
characteris

v

(2r +65X) — 4(q + 2rx+3sx?) + 4(p + gX+ rx* +sx°) = 4x +8x°

equating coefficients of equal powers of x

([ 2r-4q+4p=0
! P Yo = (Cl + sz)e
) 6s—-8r+4q=4
4r -12s=0
\ 4s=8
l V=Y. +Y,

y, =7+10X+6x* +2x°

\ 4

= (C, +C,X)e” + 7+




Non-homogeneous Differential Equa
(Method of Undetermined Coefficient

* When ¢g(x) is of the form Te’™, where T and r are co
form of a particular solution is

y:AerX
A T
ar’+br+c

* When ¢g(x) is of the form Csinnx + Dcosnx, where C a
constants, the form of a particular solution is

y = Esin nx + F cos nx

c_ (c—n®a)C +nbD
(c—n”a)® +n°b?

- (c—n“a)C —nbD
(c—n%a)* +n°b?




Example

Solve

3y'"'—6y'=18 :

y =CX

<<
gl
|
|
w
>
v




Example

solve complementar
3y| |+1Oy|_8y — 7e—4X
3y"'+10y'-8
y'=(1-4x)Ce™
y=Coe |
y'"'=(16x —8)Ce™ 3r° +10r -8 =(3r - 2)(
_24C +10C =7
n=2/3,r,=-4
v 1 yc _ Ae
C=-=
2
y — yC + yp
' 1
— 1 4x R —_ Xe 4x
yp _E Xe > 2




Example

Solve

y'=—2(Csin 2x— D cos 2x)
y =Ccos2x+ Dsin 2x

y''=—4(C cos 2x + Dssin 2x) r’+r—6=(-2)(r+

characteristic equ

~10C +2D =52
~2C-10D =0 e ,
y. = Ae”* + Be~
C=-5
D=1
l y:yc+yp

|l
>
D
)
>
_I_
Co
D
do
>
|
o1

y, = —5C0S2X+SIn 2X




Euler Equations

» Def: Euler equations
ax’y"'+bxy'+cy =0

» Assuming x>0 and all solutions are of t
form y(x) = x"

» Plug into the differential equation to ge
the characteristic equation

ar(r—-1)+b(r)+c=0.




Solving Euler Equations: (Cas

 The characteristic equation has two different real
solutions r, and r,.

* In this case the functions y = x and y = x"2 are bot
solutions to the original equation. The general soluti

15: Y(X) = X" +C,X"

Example:
2Xx°y"+3xy'-15y = 0, the characteristic equation is :

2r(r-1)+3r-15=0=r, = g 1, =-3.

5
= y(X)=CX2 +C,X .




Solving Euler Equations: (Cas

- The characteristic equation has two equal roots r,
r=T.

* In this case the functionsy =x" and y = x" Inxare b
solutions to the original equation. The general soluti

15 y(x)=x"(c, +¢,InX)

Example:

x°y"=7xy'+16Yy =0, the characteristic equation is :

r(r-1)-7r+16=0=r=4.

= y(X)=c,x* +¢,x* Inx.




Solving Euler Equations: (Cas

- The characteristic equation has two complex root
At i,

X" =g = x* cos(uIn x) +ix”* sin(zIn x)

So, in the case of complex roots, the general solution will b

(A+pi)In x

y(x) = x*(c, cos(uIn x)+ ¢, sin (u In X))
Example:

x*y''+3xy'+4y = 0, the characteristic equation is :
r(r-1)+3r+4=0=r, =-1+ J3i.
= y(x)=c,xt cos(~/3 In x) + ¢, x " sin(+/3 In x).




THANK YOU
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