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Chakraborti and Eryilmaz (2007) and Chakraborti and Van der Wiel (2008) have devel-
oped nonparametric quality control charts based on the nonparametric test statistic like
sign, signed-rank and Mann-Whitney. Pawar and Shirke (2010) proposed synthetic con-
trol chart for monitoring the process median based on signed-rank statistic. Liu et al.
(2015) provided an adaptive Phase II nonparametric exponentially weighted moving
average control chart using variable sampling interval for location parameter.
Mukherjee and Chakraborti (2012) provided a distribution-free control chart for the
joint monitoring of location and scale. Zombade and Ghute (2014) developed nonpara-
metric control charts based on run rules for variability. Chowdhury, Mukherjee, and
Chakraborti (2015) proposed a distribution-free CUSUM chart using Ansari-Bradly’s
test statistic for monitoring process location and dispersion simultaneously. Liu, Tsung,
and Zhang (2014) have developed a sequential rank based adaptive nonparametric
cumulative sum control chart for process location.

The parametric charts like R chart, § chart and $? chart are usually used to monitor
the process variability, these traditional charts require the assumption of normality. R
chart is less efficient than §? chart, when the process distribution is normal. Amin,
Reynolds, and Bakir (1995) discussed effect of non-normality on X control chart. Since
the false alarm probabilities of the traditional parametric control charts depend on the
process distribution, it may vary as process distribution changes. It is not the case in
the nonparametric setup because the false alarm probability does not depend on process
distribution. Average run length (ARL) is used to measure performance of control
charts. It is the average number of sub-group samples required to get a signal. There
can be rather large differences between the actual ARLs when the process distribution is
non-normal and ARL calculated under the normality assumption. While designing vari-
able sampling interval chart, current value of charting statistic decides time to next sam-
ple. If the process starts to deviate from the target then sample should be taken rapidly,
otherwise samples should be taken in usual manner. The average time to signal (ATS)
is reasonable measure to study the performance of chart with variable sampling interval
policy. Reynolds et al. (1988) have suggested adjusted ATS (AATS) instead of ATS to
measure performance of charts with variable sampling interval. Das (2008) proposed a .
nonparametric control chart for controlling variability based on squared rank test.
Khilare and Shirke (2010) developed a nonparametric synthetic chart for monitoring
process variability based on sign statistic. Amin and Widmaier (1999) proposed two
sign control charts with variable sampling interval policy for process median and pro-
cess variability. Pawar and Shirke (2014) provided nonparametric moving average con-
trol chart for process variability, which is based on sign statistic. Zhou, Zhou, and Geng
(2016) developed a nonparametric control chart for monitoring variability based on the
Ansari-Bradley’s nonparametric test. Gou and Wang (2016) provided the variable sam-
pling interval $* chart with known or unknown in-control variance. Haq (2017) pro-
posed nonparametric EWMA control chart for process variability. Villanueva-Guerra
et al. (2017) developed control chart for variance based on squared ranks. The idea
behind variable sampling interval scheme is that, divide the in-control region of chart
into two regions and the length of sampling interval for next sample is decided based
on these regions. The shorter sampling interval is taken, if the charting statistic falls
close to the control limits. It will increase sensitivity of chart for quick detection of the
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Figure 1. Outline of two-sided variable sampling interval sign chart based on deciles,

Widmaier (1999) have used sign statistic as charting statistic, which is used by Amin,
Reynolds, and Bakir (1995),

3. A variable sampling interval sign control chart based on deciles

Shirke, Pawar, and Chakraborti (2016) developed a sign chart for variability based on
in-control deciles, which is a modification of sign chart based on in-control quartiles
given by Amin, Reynolds, and Bakir (1995). They used the fact that, if the standard
deviation increases, tail probabilities also increase. This motivates to think about charts
based on deciles of the in-control process distribution.

We use charting statistic proposed by Shirke, Pawar, and Chakraborti (2016) for
designing a variable sampling interval chart. Consider D, and Dj respectively be the 2"
and 8" deciles, when the process is in-control. We assume that such D, and Dy are
known apriori. Let

1 X;<DyorX,>D
W,.j:{ § =2 OF Ayj = Dy (4)

—1 D, <Xij<D3

and W; = 37" Wy, where W, be sign statistic. Define a random variable V; =
(Wi+n)/2, which has a binomial distribution with parameters # and P> where p =
P{X; < D, or Xjj > Dg|oy = d0y} and 6 = 01/00. Here § <1 or 6> 1 indicates change
in the process standard deviation. Moreover, when the process is in the state of control,
p=0.4. The chart gives signal, if V;>c, or Vi<n—c; and ¢; is chosen such that,

where ay is false alarm probability when the process is in-control. In one-sided case
(upper shift) ¢, is chosen such that,
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Table 1. One-sided AATS and d; values for various values of k when n =15,

k 1 2 3 4 5

d; 101.38 27.65 9.66 4.28 236
AATS 315.07 281.90 273.80 271.38 270.52
k 6 7 8 9 10
d; 1.58 1.24 1.09 1.03 1.00
AATS 270.17 270.01 269.94 269.91 269.90

where oy = P(V;<n—c, or Vi>clo; = d6y) and Py =P(V; € Liloy = 8ay) such that
P1j = poj when =1 for j=1,2.

The charting statistic proposed by Shirke, Pawar, and Chakraborti (2016) is discrete
in nature. Therefore it is not possible to get an upper control limit ¢, that gives the
exact desired in-control AATS. One can choose control limit c,, which will give AATS
close to the required in-control AATS, It is clear that, statistic V has binomia] distribu-
tion. In order to compute probabilities py;, Py (=1, 2) and o; based on V statistic, we
use normal approximation for binomial distribution to compute binomial probabilities,
otherwise it will not be possible to compare these charts because of discrete nature of
charting statistic. The statistic V has approximate normal distribution with mean np
and variance np(1—p). Box, Hunter, and Hunter (1978) have given following rough
rules for normal approximation; (1) n is large and p is not near to extreme of 0 and 1.
(2) n>5 and absolute value of (1/v/n)(\/(1—p)/p— VP/(1=p)) is less than 0.3. For

example, approximate one-sided false alarm probability can be obtained as

_ V—np C2—np N
P(V>q)=a= P(\/np(l—p) > \/np(l——p)) 0. (9)

Moreover, better normal approximation for P(V > C,) can be obtained by adding 1/2
in ¢,, which is popularly known as Yates adjustment or continuity correction. Due to
normal approximation c, may be fraction while comparing the charts. While imple-
menting the control chart in practice control limit [c2] should be used or use Cy as it is
but transform the charting statistic as given in expression (9).

Table 1 shows the values of d; and in-control AATS of decile based chart for differ-
ent values of k. It can be observed that AATS and d, values are large for smaller values
of k. Since, for smaller value of k, the probability of interval I, becomes very small
when sample size # is large. In particular for n=15 and k>4 it gives AATS =270,
which is near to the AATS of fixed sampling intervals chart. Therefore select the values
of k which yields in-control AATS near to the corresponding fixed sampling intervals
chart while comparing the charts. Table 2 gives one-sided in-control AATS values of
the sign chart based on deciles with their design parameters, where d, is taken as 0.1
time unit and d, is computed using an expression (7).

Amin, Reynolds, and Bakir (1995) have showed that, the nonparametric control chart
based on in-control quartiles performs better as compared to the parametric $? chart
when the process distribution is gamma and double exponential. The performance of
chart based on in-control deciles reported by Shirke, Pawar, and Chakraborti (2016) is
found to be better than the chart based on in-control quartiles. In the present study, a
sign chart based on in-control deciles and sign chart based on in-control quartiles with
variable sampling interval are compared. In most of the situations, an increase in the
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Table 3. Comparison of AATS values for normal distribution.

VSI AATS
n=9¢=28 n=9, ¢ =734 -——kz— k=3 =G
= FSI-SCQ FSI-SCD SCQ SCD SCQ SCD SCQ SCD
1 512.0 5109 512.0 511.8 513.0 510.8 5128 510.5
1.1 2571 201.0 174.5 1471 193.1 161.9 213.0 176.9
1.2 147.7 100.8 723 55.3 849 65.7 101.4 77.7
13 93.6 594 358 25.4 425 316 53.7 40.0
14 64.0 39.0 208 13.7 23.8 17.3 311 23.0
1.5 46.3 27.7 14.0 8.5 14.7 10.5 194 144
1.6 35.1 20.9 10.5 59 9.9 6.9 12.8 9.7
1.7 27.6 16.5 8.6 4.5 7.2 49 9.0 6.8
1.8 224 134 75 3.7 56 3.7 6.7 5.0
1.9 18.6 113 6.8 33 46 29 5.1 3.9
2 15.8 9.7 6.3 3.0 3.9 2.4 41 3.1
9FSl-fixed sampling interval.
bySl-variable sampling interval.
SCQ- sign chart based on in-control quartiles.
95CD- sign chart based on in-control deciles.
Table 4. Comparison of AATS values for double exponential distribution.
VSI AATS
k=2 k=3 k=4
n=9¢=2=8 n=9 ¢ =734 —
2L FSI-SCQ FSI-SCD SCQ SCD SCQ SCD SCQ SCD
1.0 512.0 512.0 512.0 512.9 5127 5120 511.9 511.7
1.1 2904 2423 211.6 189.9 23041 204.9 249.2 219.7
1.2 181.0 135.1 99.9 84.1 115.1 96.8 133.5 110.6
1.3 1214 84.5 53.1 42.7 63.0 51.6 77.2 62.4
1.4 86.1 57.5 316 24.2 374 30.2 47.6 383
1.5 64.0 4.7 20.8 15.0 23.7 19.0 31.0 251
1.6 494 31.7 15.0 10.2 16.1 12.7 21.2 17.3
1.7 39.2 25.1 1.7 7.4 115 9.0 15.1 125
1.8 320 204 9.7 57 8.7 6.6 11.2 9.3
1.9 26.7 171 8.4 4.7 6.9 5.1 8.5 7.2
20 22,6 14.6 75 4.0 56 4.1 6.7 5.7
Table 5. Comparison of AATS values for Cauchy distribution.
VSI AATS
k=2 k=3 k=4
n=9,¢ =28 n=9,¢ =734 ——
5}; FSI-SCQ FSI-SCD SCQ SCD SCQ SCD scQ SCD
1.0 512.0 5120 515.6 5129 512.7 511.9 5119 511.7
1.1 301.6 270.7 226.1 220.8 243.0 2354 261.6 2495
1.2 191.6 160.1 110.0 107.0 125.2 120.8 144.0 1354
1.3 1294 103.1 59.1 571 69.5 67.7 84.4 79.8
14 919 71.0 35.0 33.0 413 40.6 522 50.2
1.5 68.1 51.6 22.8 20.6 26.1 259 339 333
1.6 52.2 391 16.1 13.7 17.5 173 23.0 23.0
1.7 41.2 30.6 124 9.7 124 12.1 16.3 16.6
1.8 334 24.7 10.1 7.3 9.2 8.8 119 123
1.9 27.6 20.5 8.7 5.8 7.2 6.7 9.0 9.4
2.0 233 17.3 7.7 4.8 5.8 5.2 7.0 73
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Table 9. Comparison of AATS values for Cauchy distribution.

VSI AATS
k=4 k=5 k=6
n=15¢=12 n=15, ¢; = 10.582
2 FSI-SCQ FSI-SCD scQ SCD sca SCD SCQ SCD
1.0 270.8 2708 276.7 2718 2726 2709 2712 270.6
11 1403 129.8 97.6 99.5 101.7 105.8 108.9 1125
1.2 80.6 711 11.8 42.2 435 47.2 48.9 53.0
13 504 432 222 20.5 21.5 235 244 27.6
14 33.7 284 144 1.3 12.2 129 135 156
1.5 239 19.8 11 71 8.0 7.8 8.2 9.5
1.6 17.7 14.6 9.5 5.0 5.9 5.1 55 6.2
1.7 13.6 11.2 8.6 39 4.8 3.6 4.1 43
18 108 8.9 8.1 3.2 42 238 3.2 3.1
1.9 8.3 73 78 29 38 23 2.7 24
20 74 6.1 7.6 2.6 35 1.9 24 1.9
Table 10. Comparison of AATS values for gamma distribution
VSI AATS
n=15¢ =12 n=15, ¢; = 10.582

. FSI-SCQ FSI-SCD ScQ SCD scQ SCD SCQ SCD
1.0 270.8 2704 276.7 2714 2726 270.5 271.2 270.2
1.1 199.8 182.6 171.0 159.6 173.6 164.6 178.9 169.9
1.2 146.7 123.8 104.8 93.1 108.9 99.4 116.1 106.2
13 108.5 85.6 65.4 55.2 68.7 60.7 75.4 67.1
14 814 60.8 424 33.7 44.2 38.0 49.6 434
15 62.1 444 28.9 214 29.2 24.5 33.2 28.7
1.6 48.2 334 21.0 14.2 20.1 16.3 22.8 19.6
1.7 38.1 25.8 16.2 9.9 14.4 11.3 16.1 13.7
1.8 30.7 20.4 133 7.3 10.8 8.1 11.7 9.9
1.9 25.1 16.5 11.4 57 8.5 6.0 838 7.3
20 20.8 13.6 10.2 4.6 6.9 4.6 6.8 5.6
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Figure 2. Variable sampling interval sign chart for variability.

shows that the proposed chart has better AATS performance as compared to variable
sampling interval control charts due to Amin and Widmaier (1999) and fixed sampling
interval control charts due to Shirke, Pawar, and Chakraborti (2016). The proposed
chart performs better when process has normal, double exponential, gamma distribu-
tions for sample sizes n=9 and 15. When the process distribution is Cauchy and sam-
ple size n=15 proposed chart does not perform as good as for smaller shifts, however
it performs better for moderate shift greater than 1.4. The AATS performance of the
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