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Harmonic Analysis in Fourier Series

INTRODUCTION

In mathematics, a Fourier series is a way to represent a function
as the sum of simple sine waves. More formally, it decomposes
any periodic function or periodic signal into the sum of a (possibly
infinite) set of simple oscillating functions, namely sines and cosines. The
discrete time Fourier transform is a periodic function, often defined in

terms of a Fourier series. The Z-transform, another example of
application, reduces to a Fourier series for the important case |z}=1.
Fourier séries are also central to the original proof of the Nyquist—
Shannon sampling theorem. The study of Fourier series is a branch of Fourier analysis.

The Fourier series is named in honour of Jean-Baptiste Joseph Fourier (1768
1830), who made important contributions to the study of trigonometric series. Fourier introduced
the series for the purpose of solving the heat equation in a metal plate. Through Fourier’s research
the fact was established that an arbitrary (continuous) function can be represented by a
trigonometric series. The first announcement of this great discovery was made by Fourier in 1807,
before the French Academy.

The heat equation is a partial differential equation. Prior to Fourier's work, no
solution to the heat equation was known in the general case, although particular solutions were
known if the heat source behaved in a simple way, in particular, if the heat source was
a sine or cosine wave. These simple solutions are now sometimes called Eigen solutions. Fourier's
idea was to model a complicated heat source as a superposition (or linear combination) of simple
sine and cosine waves, and to write the solution as a superposition of the corresponding Eigen

solutions. This superposition or linear combination is called the Fourier series.

The Fourier series has many applications in electrical cngmeenng, vibrational

analysis, acoustics, optics, signal processing, image processing, quantum mechanics, econometrics,
thin-walled shell theory etc.
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Harmonic Analysis in Fourier Series

PERIODIC FUNCTIONS

Let f{x) be a function defined for all real values of x. A function f(x) is said to be periodic if
there exists some positive number T such that,

Vx

f(x+T) = f(x)

The positive number T is called the period. The smallest positive value of T is called
primitive period of least period or some times period of f{x).

e.g. f(x) = sinx and f{(x) = cosx are periodic fuﬁcﬁons with period 2z as

sin(2m+x) = sinx;

cos(2a+x) = cosx-.

y = sin(x)

1 period

o SO 1 ¥ 2, VR
T BT e A2

y = cos(x)

If any function f(x) can be expressed in terms of sine and cosine, then it is called Fourier

series expansion of f(x).
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Harmonic Analysis in Fourier Series

FOURIER SERIES

The Fourier series is an infinite series expansion involving trigonometric functions.
Consider a function f(x) which is defined in the interval [c, ¢] and outside this interval by f(x+2c) =

f(x) i.c. the function f(x) has a period 2c. Now suppose f(x) can be expanded in a series of the form
given by, .

f(x) = %9-+ Z (2. cosme + b, sin'—'—?)

n=1

This expansion of f(x) is called ‘Fourier expansion corresponding to f{x)’ or ‘Fourier series for
f{(x)’. The coefficients a, and b, are called ‘Fourier Coefficients’ and their values are given by,

a0=_ [ f(x)dx
© a,=%fcf(x)cos%dx

1 5
by== = f(x)sm%dx where,n =0,1,2.3,...

e.g. Find the Fourier series of the following periodic function.

f(6)=4 when 0<f<x
=—A when 1<0<21

Solution :

f16)

A
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Harmonic Analysis in Fourier Series

By using Integration by parts, we get,

a =

cosnmt

n!
4
"1

whenn is odd

4 :
a,=— whenniseven
n

This is an even function.
a by=0

The corresponding Fourier series is,
x? cos2x cos3x cos4x
T e i g

> Half Range Sine Series :

If the function f(X) is odd function in the range [-c, c], then a¢=0 and a,=0 and therefore
Fourier expansion of f{x) contains b, i.e. sine ﬁ.mctlon only. Such series is called ‘Half Ran ge Sine

Series’. This expansion does not contain cosine terms.

The Fourier series of an odd function f(x) is expressed in terms of a sine series.

@)= ) (basinn)

n=1
e.g. Find the Fourier series of the following periodic function.

flx)=x when -zm<x<z

Solution : f

-

Page 8 of 23

(% Scanned with OKEN Scanner



& Scanned with OKEN Scanner




(¥ scanned with OKEN Scanner




& Scanned with OKEN Scanner




(¥ scanned with OKEN Scanner




@

- @

Harmonic Analysis in Fourier Series

CASE 1:

If y=f(x) is defined over the interval [0, 2x] or [0, 360°] and the interval is divided in multiples

of degree / radians, then

Then Fourier expansion series of f{x) can be given as,

flx) = 2'29-+ Z:(a,l cosnx + b, sin nx)
n=1

Example : Find the first harmonic of the Fourier series for y from the following data.
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Harmonic Analysis in Fourier Series

Solution :

E52 _ 2462 _
= Ly=—-=4.1033

a; ==-12? Y. ycosx = i:j:’su-=0.6325

=20273% _ 1 7125

or= 2 Sy sinx

=y = 2.05165 + 0.6325cosx +1.7125sinx
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Harmonic Analysis in Fourier Series

If y=f(x) is defined over the interval [0, 2x] or [0, 360°] and the interval is divided multiples

of its period T. If there are ‘m’ no. of divisions of the interval [0, 2L], we have,

2L=T

o L_—..

210 =22+ N2 [ay cos () + basinG )]

- 0 =%+ T2 [an cos(’%"”‘) + busin()]

And the Fourier coefficients in this case are,

2

20=—2Y

= E): ycos(—)

2 -
b,=-ﬂ—lzysm(—r—-m)

Example : The following table gives variation of periodic current over a period.

T/6

5T/6

Show that there is a direct current part of 0.75 amp in variable current and obtain the

amplitude of 1™ harmonic.
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|. Harmonic Analysis in Fourier Series '

|
|
If y=f(x) is defined over the interval [0, xt] or [0, 180°) to obtain half range sine or [
!

cosine series, where division of the interval is given in terms of division of its period T. If there are

|
|
|
‘ CASE IV :
|
|

‘m’ no. of divisions of the interval [0, L], we have, : '
L=T

| ) =224 52 [, c05 () + bysin(Z)]

1. For half range sine series :

-. 2 F - X

) ! bn = ;Z ¥ SIH(T)
f(x) = Tq busin¢e)
)

2. For half range cosine series :

2
aa-;zy

2 X
a,=—2 Y Cos()

f(x) == + Znig @nCOS()

_ll
{

"
N

Example : Obtain the 1 three coefficients in the Fourier cosine series for y, where y is given as

follows.
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Harmonic Analysis in Fourier Series

APPLICATIONS OF HARMONIC ANALYSIS

Harmonic analysis is a branch of mathematics concerned with the representation
of functioﬁs or signals as the superposition of basic waves, and the study of and generalization of .
the notions of Fourier series and Fourier transforms (i.e. an extended form of Fourier analysis). In
the past two centuries, it has become a vast subject with applications in areas as diverse as number
theory, representation theory, signal processing, quantum mechanics, tidal analysis and

neuroscience.

1. When we listen to different musical instruments playing the same note, they sound different
to us because of the different combinations of harmonics contained in the note. For example,
if a flute and a violin both play G above middle C, the harmonic spectrum is quite different.
G has a frequency of 392 Hz and the harmonics are all multiples of this fundamental
frequency (or about 800 Hz, 1200 Hz, 1600 Hz, etc.). Harmony (2 or more notes sounding
at the same time) works because of harmonics (look for the chord GBD contained within the
harmonics of the note G).

We can see the relative values of the harmonics in the following sound spectrum
images of a flute and a violin playing G4.
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Harmonic Analysis in Fourier Series

2. Harmonic analysis began as a method to assist in solving differential equations. Both the

boundary conditions and solution to the system of equations would be decomposed as
harmonics, a transformation that can make solving the system simpler.

3. The construction of certain explicit expander graphs, such as Ramanujan graphs, uses

harmonic analysis.

15
1

-1.5

1
0 5 10 15 20 25
resonance q

-2

. Harmonic analysis is used in digital signal processing.
5. Harmonic analysis has many applications in electrical engineering, vibrational analysis,
acoustics, optics, image processing, quantum mechanics, econometrics, thin-walled shell
theory etc.
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Harmonic Analysis in Fourier Series
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