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INTRODUCTION

Ar 1thmet10 Functions

An arithmetic function is an important function with many interesting properties
frequently occurred in number theoretic investigations.

Defintion :

A function f: NN, N is the set of natural numbers is called an Arithmatic function.

eg. 1] f(n)=n ,neN | g

2] g(n) =n? ,neN |

|
are Arithmatic functions. ;

i

3] f(n) = logn ,neN is not an Arithmatic function.
.




Multiplcative Arithmatic Function

Definition :

It f(n) is an arithmetic function such that f(mn) = f(m)f(n) where, gcd(m,n) = 1,
then f(n) is said to be Multiplcative Arithmatic Function.

Eg. 1] If f(n) = n, nEN then
F(mn) = mn = f(m)f(n)
‘f" is multiplicative function.
2] If g(n) = 2n, nEN then
g(mn) =2mn
g(m)g(n) =(2m)(2n) H
g(mn) #g(m)g(n)

‘g’ is not multiplicative function




Totally Multiplicative Arithmetic Function

Defintion :

If f(n) is an arithmetic function such that f(mn) = f(m)f(n) for all m,neN, then f(n)
is said to be Totally Multiplicative Arithmatic Function.

eg. i
1] If f(n)=n®,neN then
f(mn) =( mn)’= m? n2= f(m)f(n) v m, neN
‘¥ is totally multiplicative arithmatic function.
Defintion : H

If f(n) and -g(n) are two arithmetic functions then their product and quotient are defined as
follows,

(fe)(n) = f(n)g(n)
(£)im - 22

Theorem : If f and g are multiplicative arimetic functions then (fg)(n) and
(ﬁ)(n) are also multiplicative.
g

Proof :

Since f and g are multiplicative

- f(mn) = f(m)f(n) , g(mn) = g(m)g(n) v(m,n) =1

Consider, (fg)(mn) = f(mn)g(mn) .. by definition
= f(m)f(n)g(m)g(n)
= [f(m)g(m)][f(n)g(n)]

= (fg)(m). (fg)(n) V(m,n)=1




(—)(mn) _ f(mn)

8 " g(mn)

_ fim) f(m)

g(m) g(n)
|6
| Om@n v
Note :

f
If f and g are totally multiplicative arimetic functions then (fg)(n) and (g)(n) are also

totally multiplicative.

Theorem : If f is an arithmetic function such that f is multiplicative then f(1)=1
Proof : Given , f is a multiplicative arithmetic function

~f(mn) = f(m)f(n) ,¥(m,n)=1

| Consider,

f(m) = f(m.1)

[ - f(m).1=f(m).f(1)

=f(1)=1

. Let f and g be two arithmetic functions and m,ne N then

Lemma
fEd) = Y (@ x ) gD)
(dIm)(DIn) (djm) (D|n)
Proof :
(gm= ., (@)s®p)
(dlm)(DIn) j=1,2,..s k=1,2,..t
! = f(dy)g(Dy) + f(d)g(D;) + - + f(dy)g (D) +

f(dz)g(Dl) + f(dz)g(Dz) +oeee f(dz)g(Dt) £ svmdds
f(ds)g(D1) + f(ds)g(Dy) + + + f(ds)g(Dy)
=[f(dy) + -+ f(d)][g(Dy) + - + g(D,)]




S ——

- o= S s S ay
{;“Z(Dln\ (d;n (I)Zln)

Lemma: LetS; = {d;,d,, ..., d,]} is the set of positive divisors of m and

S> = {ey, ey, ..., .} is the set if positive divisors of n. If (m,n) = 1 then the set
S = {diej|d; € S;, € S,} is the set of positive divisors of mn without repetition.
Proof: To prove this we have to show
(i) diejlmn Vi,

Ifd;lm, Vi;ej|n, Vj then diej|mn Vi

(ii) f d;ej=d,.es then d;|d e

P
' Similarly we can show that d,.| d;

|

: oo dl-zdr

E d;|d, [+*(d;, es) = 1 for (m,n) =1]

= i=r }
Similarly,we can show j=s
| (iii) If fjmn then f=d;e; for some i,j |
| Let fimn
Let(f,m) =d
Then,d|m = d =d; for some | |
Again d |f gives f= dX (some integer)= d,e (say)

7 If we can show that this eeS,

le. e|n then we are through. |

Now (f,m) =d

@)

'; (e/dk) =1

1
“ And f|mn gives d; e|mn




: m
le. e|;n=> el dkn

but (e, d)) =1

~eln

~e = ¢; for some je {1,2,...,5}
~f=d;e;

Theorem : If f(n) is a multiplicative arithmetic function then the function

Z f(d)is also multiplicative.
d|n
Proof : Let,

F) = " f(d)
d|n

We prove that F(n) is multiplicative.
Let, S; = {dy,d,, ..., d,} is the set of positive divisors of m and

S, = {ey, e, ..., e} is the set if positive divisors of n. If (m,n)=1 then the set

We are to prove F(m)F(n) = F(mn) if (m,n) = 1 if f(n) is multiplicative.

F(m)F(n) = Z £(d) x Z £(d)

d|m d|n
= ) Ry x ). f(e)
1<i=k 1<j<l
= > )
1<igk,1sjsl
I - Z F(dp)f(e))
djeS1.ej€S2
r
= Zf(D)
Dimn
‘ = F(mn)
~F(mn)= F(m)F(n)

: Definition :

S = {diejldi € 51,€ Sz} is the set of positive divisors of mn without repetition.

11




Let A be the set-of arithmetic functions then A+

Let us define an operation * called as convolution on A such that

F+p)m) = ) g (3)
d|n

The product * defined above is known as Dirichlet product.

Theorem : If f ang g are multiplicative arithmetic functions the f*g is also multiplicative.
Proof : Given, f and g are multiplicative arithmetic functions

Let,(m,n) =1

Let, S, = {d,,d,, ..., dy.} is the set of positive divisors of m and

Sz ={ey, ey, ..., e} is the set if positive divisors of n. If (m,n) = 1 then the set

S= {diejldi € 5,,€ Sz} is the set of positive divisors of mn without repetition.

(E+£)(m) x (Fg)(n) = Zf(d)g (7). s (3)

e|n

= Z fd)(3) > Zf(e,)g( )

1sjs]
- g (3 )f(e,)g( )
1sisk,1s5j<l
m n
= f(dp) fCepg (- g(—)
1sisk1sjsl ] (d") €
= D fChepe(zm )
1sisk 1sjsl diey
= > f(D)g(D)
D|mn
= (F+ g)(mn)

~f*g is multiplicative.




Convolution

If f,g: N — C are two arithmetic functions from the positive integers to

the complex numbers, the Dirichlet convolution f + g is a new arithmetic
function defined by:

Fr) =) f@e= Y f@g(b)

din ab=n

where the sum extends over all positive divisors d of n, or equivalently
over all distinct pairs (a, b) of positive integers whose product is n.

This product occurs naturally in the study of Dirichlet series such as
the Riemann zeta function. It describes the multiplication of two Dirichlet
series in terms of their coefficients:

fo. 9. _ (g
Q555 )—(nzl—ng—)




—

Properties of convolution(*)

i

S

1] *is commutative. ie f*g = g*f

fxg(n) = Zf (d)g (%)

d|n

=2/ @o@

din

= g*f(n)
.‘.f*g = g*f
2] * is associative ie. (f*g)*h = f*(g*h)

(= 8) () = > () (@h (3)

d|n

= ) (<)@

de=n

= > h((F* )@

de=n

= he) Y g (§)

de=n k|d

= > h(e) ) g

de=n d=kl

= Z h(e)f(k)g(l)

de=nkl=d

i Z h(e)f(k)g)

i n=Kle

N Z ) ) g)h(e)

km=n le=m

= > 9 gOn(T)

km=n llm

—————

= Z f(k).g * h(m)

km=n

| = > 100.[g b (7)]

kin




= (fx (g+h)(n)
= (F*g)*h = *(g*h)
3] Existance of identity
If ‘¥’ is any function and e is such that,
e(n) =1 forn=1

=0forn®1 then,

=@ = > fde(3)

din
= f(1)e(n) + f(dl)e(%) +..+f(n)e(n)
=f(1).0 + f(d,).0 +..+ f(n) .1
=f(n)

~f*e=f

Similarly we can show that f= e*f

~ ‘e’ is identity w.r.t *

From property [1],[2],(3],

~ A is commutative semi group under*

Definition :

integral domain under @ and*.

Euler’s Function

' An arithmetic function ® : N> N, defined by

®(n) =1, ifn=1

If f*g = f = g*f then g is said to be inverse of f and is written as g =f 1 |

ﬁ Remark : For every arithmetic function its inverse may not exist.

Some Important Arithmatic Functions :

Note: If we define the operation addition @ as (fdg)(n) = f(n)+g(n), then A will be an




= the number of a’s(<n) such that (3,n) =1,ifn>1

And is called as Euler’s Totient function.

Theorem : For any prime ‘p’, ®(p) =p-1

Proof:

Since, ‘p’ is prime ,each of 1,2,3,...,p-1 is relatively prime to ‘p’

i ie. for each integera, 1<a<p-lissuchthat(ap)=1

®(p) = p-1

ie. if (m,n) = 1, then ® (mn) = ®(m) @ (n)s
Proof :
Given that, (m,n) =1

We consider the product mn. Then mn numbers can be arranged in n lines, each containing
m numbers.

Thus,

1, 2, o K, o m
m+1, m+2, v, mtk, e 7 m+m
2m+1, 2m+2, .., 2m+k, oy 2m+m

, Theorem : ®(n) is multiplicative.

(n-1).m+1, (n-1)m+2, .., (n-1)m+k .., (n-1)m+m

We consider the vertical column beginning with k.

If (k,m) =1, all the terms of this column will be prime to m. !
! But if k and m have a common divisor, no number in the column will be prime to m. F
| Now the first row contains ®(m) numbers prime to m. H
= ®(m) vertical columns in each of which every term is prime to m. !
é Let us suppose that the vertical column which begins with k is one of these. |




This column is in arithmetic progression, the terms of which when divided by n leaves II
remainders 0,1,2,3,4, ... ,n-2,n-1

Hence, the columns contains ®(n) integers prime to n.

Thus in the table there are ®(m) .@ (n) integers, which are prime to m and n also and r .'
therefore to mn

i e, ® (mn) = d(m) ® (n)

~ ®(n) is multiplicative

R

Expression for ®(p®)

The numbers from 1to p® are as follows :

1, 2, - 0, w20, s PP,
P§+l, p2+2, _— 2p?, g, - RSP ) pz.p =p3
p>+1, p%2, .., 20}, .., 3p° .., p.p=p*
p®i+1, p™+2, .., 2p*% .., 3p*Y, .., p*p=p°

In each row there are p number of a’s such that (a,p®)#1

~there are in total p .p®* numbers such that (a,p%)#1

~®(p®) = p®— (the number of a’s such that (a,p®)#1)
o pa_ pa-l
1
=p*(1-3)

Now if m = pflpgz --.p,‘f" then,

an
I ®(m) = (D(pflpgz e Pn ) H
= o(p) O(p;”) Dy ..since ® is multiplicative
1)\ .« _ 1 an _1
=y (1= (1) i (1-5)
| = g i where p/'s are distinct prime factors of m
J Gk D (1 Pl) :




——

Theorem : Prove that ®(ab) = ‘D(a)a)(b)(b(((ac;bb)))

Proof :
Suppose, (a,b) =d
Ifa=pipy? ..pS" b= qq 1q§2 ...q,[f" then

®(ab) = O(pyps? ... pnglfrqle . gPn)

—_ 1 ’ . . .
=ab n (1 - -) ,P's are distinct prime factors of ab
®lab) - P

(plab)

_ n(pla)(l—%) n(P|b)(1—%)
ﬂ(pld)(l‘%)

®(a) d(b)
——a b
NCTC))

d

-1 -
= 25 @ O(b) 55
(ab)

|| Examples :

1] What are the positive integers a,b that satisfy the expression
L ®(ab) = ®(a)+d(b)?

Solution :

We know,

o(ab) = D(a)(b) 5o where d = (a,b)

Given, ®(ab) = ®(a)+®(b)

|~ d(a)+d(b) = d’(a)m(b)&%

| i

R

et S A
WY

irgemr e i)



. P@+em) g
®@Q)dDb)  o(d)

L lg 1 _d
” () + d(b)  9(a)

. @) @) _
“o@ T om 9
s L g 1 ®(a) ®(b)
e = + —— d — -
e , where m <D(d)’n o)

m,n and d are positive integers.

Only possible values of m,nand d are :
d=2,m=n=1 (1)
d=1,m=n=2 -(2)
for case (1),

®(a)=d(b)=2then,a=b=2

for case (2),

®(a) = ®(b) = 2 then, one of a,b is 3 and the other is 4.
Thus, the possible values are (2,2),(3,4) and (4,3).
2] Find ®(225)

Solution :

®(225) = d(52.3%)
=225 x (1-3) x (1-3)
= 225X X =

=120




PR

Divisor Function

An arithmetic functiond : N — N defined by,
d(n) = numberof divisors of n ,neN
is called as divisor function and is denoted by d(n) or T(n).
We note that,
d(n)=1,ifn=1
=2 ,if nis a prime number

>2, if nis composite

Expression for d(n)

Since, 1,p,p%p3, .., p” are the divisors of p%*,where p is prime, then,
dip*)=a+1

d(p*qP) =(a +1) (B +1)

if n=p%q” then divisorsof nare,

a

1 p p’ ros P

2 a

q pqg | p’a | - | Pd
e 4153 ! a 2 !
pa g ed pa’ |~ | PO |




a" | pa® | P | . | p%f

Therefore the number (va divisors is (a + 1) (B + 1)
Thus, d(n) = (a + 1) (B +1)
Similarly if, n = pp3? ... po™ then,
d(n) =d(p;*ps? ...pg") ~Dipj) =11 %]
=(a; + 1)(ay +1) ...(a, + 1)
eg. 1] d(4)=d(22)=2+1=3
2] d(4320) = d(25.335?)
=(5+1)(3+1)(1+1)
=(6)(4)(2) =48

Theorem : dis multiplicative. ie. d(mn)=d(m)d(n)if (m,n)=1

Proof : Let, m= pflpg‘z ...piai, pi’s are distinct primes and «a;’s are positive
integers.
~d(m)=(a; + 1)(az +1) .. (@ +1) (1)

B o1 istinct primes and f;’s are positive integers
R o= qf1q22 w45’ are di P B P g

~d(n)= (B + (B, + 1) .. (ﬂj + 1) «(2)

1 Bz P
d(mn) = d(p™ps? ..p; 41 4z - 9; )

=(a; + D(az + 1) .y + 1) (B +D(B+1) . (Bj + 1)

L i

20

2 oy’ 1

e
3



- e

T e Y e e ST gy =

=[(t; + (@ + D) (@ + DI + DB + D B + I

= d(m)d(n) from eqn.(1) and (2)
~d is multiplicative.
Note : d is not totally multiplicative.
d(8) =d(2*) =4
(42)=2+1
d(4)=3
d(2) =2

~ d(8) # d(4)d(2)

Examples :

m
d(m)

1] Show that ®(m) =

a» @
Solution : Suppose, m=p;y p;° ...p; ' ,then,

o(myd(m) = m(1 - _pl_) (1-2)..(1 =) (a1 + (e + 1) .. + 1)

D2
1ii
> —)2
2 m(;

‘ =m
I m
This gives, ®(m) = 5

i :
2] Prove that d(n) is odd if and only if n is a perfect sqare.

| Solution

g,
%< 4 e ”




d(n) = d(p;"p;* ... p{" )

=(ay + D(ay + 1) ... (a; + 1)

Now, d(n) is odd if and only if (a; + 1) is odd for eachi.
ie. if and only if a; is even for each i

ie. if and only if a; = 2k; for each i

Thus, =9, 2Py > wpp* | .
=p; 'yt pp
= (pp}? pf)” |
=m? where m = pfipkz . pl

4 Hence d(n) is odd if and only if n is perfect square.

3] Find the smallest positive integer having only 10 positive integers.

Solution :

Suppose, n = ptps? ..p;"

d(n) = d(p;*p,” pla‘) =10 ... (given)
~d(n) = (1)(10) or d(n) = (2)(5)

ﬁ case(1):
(ay + D (az + 1) = (1)(10)
= (a; +1)=1 H

=a,=0 ﬂ

=>(a2+1)=10

=a,=9 1

n = q° Since 2 is smallest prime number




T —

O e _p—‘
= (@, +1)=2

=ba1=1

= (a;+1)=5
= a,=4 A
n = pq* Since 2,3 are first two smaller prime numbers
an=(3)(2%

=489
~from, case (1) and case (2),

n =489
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